Abstract We present new statistical results on the spectral index-flux density relation for large samples of radio sources using archival data of the most sensitive surveys, such as 6C, Miyun, WENSS, B3, NVSS, GB87. Instrumental selection effects and the completeness of the catalogs are discussed. Based on the spectral indices calculated for about 200 000 sources from the WENSS (327 MHz) and NVSS (1.4 GHz) catalogs, we obtained (1) The median spectral index increases from α med ∼ −0.9 to α med ∼ −0.8 (S ν ∝ ν α ), while S 327 flux densities decrease from 0.1 Jy down to 25 mJy. The median spectral indices nearly show no variation within the error bars when the flux density is larger than 0.1 Jy. (2) A dependence of the fraction of ultra-steep spectrum sources (USS, −1.5 ≤ α < −1.0), steep spectrum sources (SSS, −1.0 ≤ α < −0.5) and flat spectrum sources (FSS, −0.5 ≤ α ≤ 0.0) is partly responsible for the spectral flattening. Another contribution to the spectral flattening comes from the variation of α med of steep spectrum sources (α < −0.5) themselves which increases with decreasing flux densities. (3) The spectral flattening for faint sources (down to S 327 ∼ 20 mJy) with steep spectra (α < −0.5) suggests that α med is correlated with luminosity rather than redshift according to the Condon' model. (4) A strong spectral selection effect occurs when spectral indices are calculated from samples with a large frequency separation.
INTRODUCTION
Spectral index distributions provide important constraints for models of the cosmological evolution of radio source populations. Several investigations came to rather different conclusions based on small and composite samples. Vigotti et al. (1989) reported that the median spectral index decreases from α med ∼ −0.90 to α med ∼ −0.96 for flux density ranging from 1 Jy to 0.1 Jy at 408 MHz (Fig. 1) . They used a sample of 1103 sources selected from the B3 catalog at 408 MHz (Ficarra et al. 1985) and calculated spectral indices using 1465 MHz data measured with the VLA. Steppe & Gopal-Krishna (1984) presented a contrary result for a radio source sample in the same flux density range at 408 MHz: α med was found to be about -0.9 at the 1 Jy and -0.75 at the 0.1 Jy flux density level (Fig. 2) . Their sample of 1009 sources was taken from several catalogs including 5C12 (Benn et al. 1982) , B2 (Grueff & Vigotti 1979) , MC1 (Davies et al. 1973 ), MC2 and MC3 (Large et al. 1981) , and the All-sky Survey (Robertson 1973) . Kapahi & Kulkarni (1986) , Kulkarni & Mantovani (1985a , 1985b and Kulkarni et al. (1990) claimed that the median spectral index is constant at α med ∼ −0.9 in the same flux density range from 1 Jy to ∼ 0.1 Jy. A constant α med differs from the results of Vigotti et al. (1989) and Steppe & Gopal-Krishna (1984) , as mentioned before. Vigotti et al. (1989) on the relation of flux density and spectral index between 408 MHz and 1465 MHz. The data are from B3 (open circles, Ficarra et al. 1985) and Benn et al. 1988 (filled circles).
Fig. 2
Spectral index vs. flux density at 408 MHz (except sample g at 611 MHz). The spectral indices were calculated between 408 MHz (or 611 MHz for sample g) and 1.4, 2.7 and 5.0 GHz as indicated by crosses, open circles and dots, respectively (Steppe & Gopal-Krishna 1984) .
A few radio source surveys with large sky coverage and high sensitivity at different frequencies have been published recently (Section 2) providing a new basis for studying the spectral index -flux density relation. In Section 3, we give the spectral index results using WENSS and NVSS data. Investigations based on the other large catalogs are mainly used for comparison. Selection effects and completeness for both statistics and observations are given in Section 4, where a brief comparison with luminosity models is made.
THE RADIO SOURCE SAMPLES
Several radio source surveys with large sky coverage became publicly available. Table 1 lists their basic characteristics. The catalog "6Call" was compiled from all the Cambridge 6C surveys (6CI-6CVI: Baldwin et al. 1985; Hales et al. 1988 Hales et al. , 1990 Hales et al. , 1991 Hales et al. , 1993a Hales et al. , 1993b . The catalog at 232 MHz was presented by Zhang et al. (1997) using the Miyun Synthesis Radio Telescope (MSRT). The most important catalog at low frequencies, the 327 MHz WENSS catalog (Rengelink et al. 1997) , which was observed with the Westerbork Synthesis Radio Telescope, and covers the sky for δ ≥ 30
• . One more catalog used in this study is the B3 catalog acquired with the Bologna Cross (Ficarra et al. 1985) . The source catalog "NVSS29" was compiled from the NVSS survey carried out with the VLA (Condon et al. 1998 ) for sources of δ ≥ 29
• . This declination limit matches the sky coverage of WENSS well. The 4.85 GHz "GBL" catalog was obtained by fitting radio sources down to 3σ or 15 mJy from the GB87 survey maps observed with the former 300-ft Green Bank Telescope (Condon et al. 1989 ) to identify radio counterparts of ROSAT detected X-ray sources (Neumann et al. 1994) . The published GB87 source catalog (Gregory & Condon 1991) lists just 54579 sources with a low flux density limitation of 25 mJy. The Texas catalog (Douglas et al. 1996) is not used in this study, because its observing frequency (365 MHz) is not far from 327 MHz while its sensitivity is about 250 mJy, which is much lower than the sensitivity of WENSS.
RESULTS
In this section the main results from the cross identification between the WENSS and NVSS are given. The criteria and procedure employed for the source identification are: 1) the searching diameter is 50 centered for every WENSS source; 2) choose the nearest NVSS source found within the searching diameter; 3) do an inverse pairing search, i.e. within a diameter of 50 centered at each NVSS source, search the WENSS counterpart; 4) check the correct identification of every pair of WENSS and NVSS sources; 5) exclude source pairs with complex corresponding relation. Then we calculate the spectral indices. Table 2 shows the statistical results obtained for the relationship of flux density and median spectral index. Integrated flux densities were used for the spectral index calculations. In Table 2 the first column gives the median flux density and the boundary flux densities of each bin at the lower frequency for each frequency pair. The boundaries of the first bin are taken from 15 mJy to 40 mJy because we found that there are more than 7000 sources whith flux densities slightly lower than 18 mJy in the WENSS catalog, although the lower limit of the catalog is declared to be 18 mJy. Consequently the median value of the first bin differs slightly from its mean value because of the incompleteness of the WENSS catalog below 18 mJy. In Table 2 , two numbers of each table-element represent both the number of sources in the catalogs and the median of spectral index. As steep spectrum sources are in the vast majority the frequency-pair NVSS-GBL is not well suited for this study and is not included in Table 2 . The relative low sensitivity of the GBL sample (15 mJy) excludes a large number of weak 1.4 GHz steep spectrum sources for the spectral index calculation. Figure 3 shows the fractional variation of radio sources whose spectral indices fall into the ranges −1.5 ≤ α med < −1.0 (USS), −1.0 ≤ α med < −0.5 (SSS), and −0.5 ≤ α med ≤ 0.0 (FSS). Table 3 lists in detail the fractional distribution of sources. Almost 98% of the radio sources are in the spectral index range -1.5 to 0.0. A flux density of 23 mJy at 327 MHz corresponds to α 1400 327 = −1.5 if the flux density S 1400 is assumed to be 2.5 mJy, which is the NVSS's limit. We take this value as the "flux limitation of the statistical study" (FLSS), which means that more than 98% of sources stronger than the limit are included. All the tables and figures except Table 2 and Fig. 4 were compiled for sources with S 327 > 23 mJy. Figure 4 shows the spectral index vs. flux density curves for the WENSS -NVSS and other catalogs. The result for that frequency pair is the most reliable, because the two catalogs are the deepest and the frequency difference is not too large. This implies spectral completeness and excludes serious selection effects. Our further conclusions are drawn below.
The WENSS -NVSS spectral comparison can be summarized as follows:
• There is a definite increase of the median spectral index from -0.89 to -0.80 for median flux densities at 327 MHz between 140 mJy and 28 mJy. This statistical result is based on about 170,000 sources within this low flux density range.
• The spectral indices show nearly no variation in the flux density range from 100 mJy to 7 Jy within the errors. This is contrary to some previously published results (Vigotti et al. 1989; Steppe et al. 1984) and partly confirms the result of Kapahi & Kulkarni (1986) .
• Below 23 mJy at 327 MHz the incompleteness in cross-identifications limits an accurate statistical study. Above 23 mJy 98% of sources selected at 327 MHz could be identified at 1400 MHz. Therefore our results are about 98% complete and reliable for WENSS sources stronger than 23 mJy.
• At 327 MHz, there are 109 sources stronger than 7 Jy, the number is too small to calculate a reliable α med . Although α med of this bin shows some spectral flattening, it is still within the error bar, if we assume that α med has no variation compared to the average α med of -0.9 in the lower flux density range. The difference between our result and that of Kapahi & Kulkarni (1986) will be discussed in Section 4. For the other frequency pairs the median spectral indices are almost constant at about α med ∼ 0.9 in the flux density range from 1 Jy to 7 Jy. This partly confirms the result of Kapahi & Kulkarni (1986) . For sources with flux densities stronger than 7 Jy, a few individual frequency pairs such as B3-GBL, show the median spectral index to increase again. However, the absolute source number in that bin seems too small for an accurate statistical result. The B3-GBL sample with the largest flattening (α = −0.78), has just 23 sources in that bin (see Table 2 ). However, the average of α med in the S 327 = 13.5 Jy bin of all other frequency pairs in Table 2 is −0.89, which indicates no spectrum flattening in this flux density range. There is no strong evidence for a spectral index flattening for strong sources as reported by Kapahi & Kulkarni (1986) . Below 1 Jy the distributions of median spectral index data for large frequency intervals show quite a rapid flattening, which is different to that obtained from the frequency pair WENSS-NVSS (see Table 2 ). This indicates that weak flat spectrum sources selected at low frequencies are more easily detected than a fraction of steep spectrum sources in the high frequency surveys The large spectral flattening for these frequency pairs is therefore not an intrinsic property of the radio sources, rather, it is caused by statistical incompleteness. The distribution in the WENSS-GBL sample is a good example of this effect. Although the WENSS and GBL samples are complete with r.m.s. of 18 mJy and 15 mJy, respectively, the FLSS for this frequency pair, corresponding to α 4850 327 = −1.5, is 0.83 Jy at 327 MHz. This implies that α med for WENSS-GBL apparently increases below S 327 = 0.83 Jy.
The pair 6C(151 MHz)-GBL(4850 MHz) in Table 4 has the largest frequency separation. The fraction of missing sources by the GBL catalog increases quite rapidly with decreasing flux densities. For example, at the 600 mJy level, 33% of the 6C sources with steep-spectra will be missed by GBL. Flat-spectrum sources progressively dominate the α med -S relation towards lower flux densities, so that α med becomes larger: α med increases from -0.9 to -0.56. For contrast, Table 4 also lists the corresponding data of the WENSS-NVSS catalogs. Less than 2% or 3% of weak sources listed in the WENSS catalog are missed by NVSS. This means that most of the sources selected at 327 MHz, no matter whether they have steep or flat spectra, have their counterparts at 1400 MHz in the entire flux density range. This means that the statistical results are not biased by serious selection effects. Figure 3 shows that with decreasing flux density towards ∼ 23 mJy the fraction varies from 35% to 22% for the USS sources, from 57% to 68% for the SSS sources, and from 4% to 11% for the FSS sources. The variations of the fractions of different class sources, e.g., the increase of the fraction of FSS sources and the decrease of the fraction of USS sources, are partly responsible for the variation of spectral flattening in the α med -S relation. Another factor is that the α med of steep spectrum sources (α < −0.5) slightly increases (spectral flattening) with decreasing flux density (Fig. 6 ). 
DISCUSSION

Explanations of the α med -S Variations
Selection Effects and Incompleteness
To determine a statistical relationship between flux density and median spectral index, completeness is very important. There are two kinds of completeness: One is the completeness in the sense of noise limit of each individual catalog, e.g., the r.m.s. of the WENSS is 18 mJy, while the r.m.s. of the NVSS is 2.5 mJy. This completeness is essential when using each survey individually. Another completeness is related to the statistics during the identification, which reflects the matching of the two catalogs. Figure 7 shows the distribution of α med -S for all source-pairs of WENSS-NVSS. The empty region at the left-bottom corner is due to sources recorded by the WENSS but not by NVSS because of their steep spectrum. The flat spectrum sources recorded by WENSS in the top region of Fig. 7 are not missed by NVSS. This statistical incompleteness is even more serious for other frequency-pairs. Our statistical result using WENSS-NVSS data is 98% spectral complete for flux densities larger than 23 mJy at 327 MHz for both steep and flat spectrum sources. Table 5 gives the FLSSs in Jy for all frequency pairs used in this study. Figure 8 shows the statistical results after the FLSS values are applied. Conclusions from the Fig. 8 confirm that all the samples will lead to the same statistical result in the α med − S relation if the FLSS method is applied, otherwise, serious selection effects will affect the statistical results as shown in Fig. 4 . On the other hand, the results from WENSS -NVSS are complete and reliable because its FLSS is only 23 mJy. 
Comparison with Radio Luminosity Models
Kulkarni & Mantovani (1985b) used the models of Peacock & Gull (1981, henceforth referred as PG) for a comparison with their statistical results. These models use separate luminosity functions for steep and flat spectrum sources expressed as series expansions in luminosity and redshift. Four models are considered: models 1 and 2 without or with a cut-off for the radio luminosity function at z = 5, with q 0 = 0.5 and models 3 and 4, ditto but with q 0 = 0. Kulkarni & Mantovani (1985b) found that only a small range of the α med − S relation around S 408 ∼ 1 Jy fits the PG models 1 and 4. It is also clear from Kapahi & Kulkarni(1986) that the PG-models and the Condon-model (1984) fit their result only in a limited range of flux density. The situation is unclear for sources S 408 < 0.1 Jy, because the sample they used is too small. For sources with S 408 >10 Jy a large deviation from the PG-models was noted in the comparison of Kulkarni & Mantovani (1985b) . Kapahi & Kulkarni (1986) obtained almost the same conclusion for sources S 408 > 10 Jy using the same source sample. The sample (S 408 > 10 Jy ) they adopted was based on sources from the 408 MHz all-sky survey (Haslam et al. 1982) . It seems problematic to calculate spectral indices with 5 GHz data (HPBW∼ 3.5 ), when the effect of the large all-sky survey beam of 0.85
• is considered. The beam may contain several sources, possibly with different spectra, seen in projection. Even for the WENSS-NVSS sample with almost the same, much smaller beam-sizes, there are cases where one WENSS source corresponds to two NVSS sources. We excluded these sources in our statistics. It is rather difficult to set-up a sample from different resolution sub-samples.
Figure 9 compares our data with the PG-model prediction. A good agreement between the present α−S relation and that of the PG model 1 is found especially for the S 327 range from tens of mJy to several Jy. The fitted range of flux density is much wider than that from previously published results. PG model 1 predicts a significant spectral steepening with decreasing flux density from S 408 < 0.06 Jy to 0.01 Jy (Kapahi & Kulkarni 1986 ). Although our result strongly supports the PG model 1 for sources in the flux density range mentioned above, there is no evidence for a spectral steepening of faint sources. Instead, we found a continuous spectral flattening for faint sources. The situation for sources with S 327 < 20 mJy remains unsettled because of the completeness limit of the samples. For sources with S 327 < 0.1 Jy, the α med − S relation for steep-spectrum sources (α < −0.5) is also shown in Fig. 6 . It shows that the mean spectral index of steep-spectrum sources (USS and SSS) increases (spectral flattening). According to Condon's model (1984) , α med is correlated with luminosity and not with redshift. Further more detailed studies of faint steep-spectrum sources are expected.
